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Abstract: Classical multivariate inference assumes that the number of variables p is small relative 

to the sample size n. In contemporary genomics, finance, imaging, and climate science, p is often of 

the same order as n, and the classical assumptions fail: sample eigenvalues spread far from their 

population values, likelihood-ratio tests reject true null hypotheses, and principal components 

become inconsistent. This paper develops and evaluates spectrally calibrated inference (SCI), a 

unified workflow that uses random matrix theory (RMT) to calibrate three linked procedures: (i) 

tests of sphericity, (ii) estimation of the number of latent factors, and (iii) covariance estimation by 

shrinkage and eigenvalue cleaning. We compare the classical likelihood-ratio test (LRT), John’s 

corrected test, and a Tracy–Widom test on the largest eigenvalue in Monte Carlo experiments with 

n = 200 and p/n between 0.1 and 0.9. The classical LRT has empirical size 0.114 at p = 20 and rejects 

every true null at p ≥ 100, while the two RMT-based tests hold size near the nominal 5% level at p/n 

≥ 0.5. Near the Baik–Ben Arous–Péché detectability threshold, the Tracy–Widom test is the most 

powerful (0.938 versus 0.642 for John’s test at p = 100 and spike strength 1.5). In a synthetic gene-

expression-style factor model (p = 200, n = 400, three latent programs), an RMT edge rule with a 

Tracy–Widom margin recovers the exact number of factors in 99% of replications once factor 

strength is twice the critical level, and fails, as theory predicts, close to the threshold. Linear 

shrinkage reduces Frobenius error by 28% to 92% relative to the sample covariance, depending on 

p/n. All results are simulation-based with a fixed seed and are fully reproducible. 

Keywords: Classical multivariate, Finance, RMT, Spike strength, Population covariance, Rank 

estimation, Random matrix theory.  

1. Introduction 

With modern science, the number of measured variables is often equal to or greater 

than the number of observations. Twenty thousand genes can be profiled in a few hundred 

patients in a single RNA-sequencing experiment; a portfolio manager can track several 

hundred assets with a few years of daily returns; a neuroimaging study can record 

thousands of voxels for a few dozen subjects; a climate model can output gridded fields at 

tens of thousands of locations over a few decades. In each context, the object of interest is 

often the covariance structure of the data, that is, which variables correlate with each other, 

how many latent factors account for the variance, and whether there is a structure that is 

not noise. These questions can only be answered statistically, through hypothesis tests, 

confidence statements, and estimators that have a known error. The classical toolbox of 

multivariate analysis was constructed primarily between the 1930s and the 1980s, when 
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the number of parameters p is fixed and small, and the number of observations n is large 

and increasing [1]. 

In that fixed dimension regime, the sample covariance matrix S tends to the 

population covariance Σ, the eigenvalues of S tend to those of Σ, and likelihood-ratio 

statistics tend to chi-squared limits. If this ratio (p/n) does not go to zero, all of these facts 

collapse. Let's take the simplest case, Σ being the identity, and p/n = 0.5 [2]. The eigenvalues 

of the population are all equal to one, but the eigenvalues of the sample are distributed 

between about 0.09 and 2.91, and an analyst would see apparent structure in a scree plot 

that does not exist. The sample covariance is not operator-norm consistent, has biased 

smallest eigenvalues towards zero, and is singular if p>n. Methods that reverse it, like 

Hotelling's T² test, Mahalanobis distances, and linear discriminant analysis, are also 

unstable [3]. 

The mathematics for this regime is given by random matrix theory. Random 

matrices were first introduced by Wigner  to describe the energy levels of the nucleus . 

Marchenko and Pastur obtained the limiting spectral distribution of the sample covariance 

matrix in the case where p/n tends to a constant c>0. Tracy and Widom described the 

fluctuations at the edge of the spectrum of the largest eigenvalue [4].  Baik, Ben Arous and 

Péché found a phase transition: In the spiked covariance model, a population eigenvalue 

that is separated away from the bulk will only yield a detached sample eigenvalue above 

a critical threshold; below that threshold, the leading sample eigenvalue is 

indistinguishable in terms of statistics from pure noise. Johnstone used the Tracy–Widom 

result to develop a practical test for the largest eigenvalue, and Bai and Silverstein proved 

central limit theorems for linear spectral statistics that form the basis of corrected 

likelihood-ratio and John-type tests [5]. 

This is already influencing practice in some areas. Ledoit and Wolf demonstrated 

that John's sphericity test is valid for a positive constant of p/n, while the classical 

likelihood-ratio test is not. Ledoit and Wolf  introduced a well-conditioned linear 

shrinkage estimator of the covariance matrix, which was later extended to nonlinear 

shrinkage [6]. Paul and Johnstone and Lu explained when the principal component 

estimates are inconsistent, and Donoho, Gavish and Johnstone found optimal eigenvalue 

shrinkers for the spiked model for various loss functions. In quantitative finance, Bun, 

Bouchaud and Potters demonstrated that using RMT to clean correlation matrices can 

improve the risk estimates of portfolios. All of these contributions address a part of the 

problem, and they do it all pretty well [7]. 

Three challenges prevent widespread application of RMT-based inference. There are 

three challenges to widespread application of RMT-based inference. First, the results are 

spread out across different fields of probability, statistics, physics, and finance, and each 

is written with its own notation and assumptions, making it difficult for a practitioner to 

know which one is best for a particular pair of n and p. Second, asymptotic statements are 

often used without finite-sample corrections, and it is often not well documented how they 

can be calibrated at realistic sample sizes, typically a few hundred, compared to the 

classical alternatives [8]. Third, testing, rank estimation, and covariance estimation are 

normally solved independently, but they are based on the same facts in the spectrum and 

should be consistent: the threshold for detecting a latent factor should be the same as the 

threshold for stopping treating an eigenvalue as noise in the eigenvalue cleaning. 

In this paper, we propose and test a unified RMT-calibrated inference workflow, 

called spectrally calibrated inference (SCI). We are contributing as follows. First, we 

systematically compare the performance of three tests of sphericity, the classical 

likelihood-ratio test, John's corrected test, and a Tracy–Widom test on the largest 

eigenvalue, for dimension ratios p/n = 0.1, 0.5 and 0.9, with a special focus on their size and 

power near the Baik–Ben Arous–Péché threshold. Secondly, we propose a rank-estimation 

rule, which combines the Marchenko–Pastur upper edge with a Tracy–Widom-scaled 

margin, such that the number of factors to be checked has the same fluctuation scale as the 
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test [9]. Third, we compare linear shrinkage and RMT eigenvalue clipping for the 

estimation of the covariance as p/n increases from 0.5 to 4. Fourth, we map the evidence 

into explicit guidance on which method to use in which regime. We emphasize that SCI 

puts together and modifies existing theory. It is not in the new limit theorems that its value 

lies, but in the unified calibration, finite-sample validation, and the reproducible numerical 

evidence [10]. 

2. Materials and Methods 

2.1 Setting and notation 

Suppose X is an n × p data matrix of independent observations with mean zero and 

covariance Σ. Let X_c be a column-centered matrix, let m = n − 1, and let S = X_c′X_c / m be 

the sample covariance matrix with ordered eigenvalues λ₁ ≥ … ≥ λ_p. We work in the 

regime p/n → c in (0, ∞). The empirical spectral distribution of S tends to the Marchenko–

Pastur law with support [a, b] for Gaussian data with Σ = σ²I, where a = σ²(1 − √c)² and b = 

σ²(1 + √c)². For c ≤ 1, the density on [a, b] is √((b − x)(x − a)) / (2π c σ² x). For c > 1, the law 

also has a point mass of 1 − 1/c at zero, which is due to the rank deficiency of S. The upper 

edge b is the reference quantity in all that follows. 

2.2 The detectability threshold and the spiked covariance model 

In the spiked model, the population covariance is a k-dimensional vector of ones 

with spikes of 1 + ℓ₁, …, 1 + ℓ_k. If ℓ_j > √c, the sample eigenvalue corresponding to ℓ_j 

converges almost surely to (1 + ℓ_j)(1 + c/ℓ_j) > b, as shown by Baik, Ben Arous and Péché 

(2005) and Paul (2007). When ℓ_j is at its maximum value, which is √c, the sample 

eigenvalue approaches b and does not contain any information about ℓ_j. The overlap of 

the sample and population eigenvectors above the threshold is squared and approaches (1 

− c/ℓ²) / (1 + c/ℓ), which is always below one, even if the factor is detectable: a detectable 

factor is recovered only approximately. The critical strengths for c = 0.1, 0.5 and 0.9 are 

approximately 0.32, 0.71 and 0.95 respectively, and these values are used to organise our 

experimental design. 

2.3 The three tests of sphericity 

The three statistics are compared to test H₀: Σ = σ²I for unknown σ², estimated by σ̂² 

= tr(S)/p. 

Classical likelihood-ratio test (LRT). The statistic is T_LRT = m [ p log σ̂² − Σ log λ_i 

] distributed as a chi-squared distribution with p(p + 1)/2 − 1 degrees of freedom. This 

calibration is only valid for fixed p. 

John’s corrected test. Let U = (1/p) tr[(S/σ̂² − I)²]. Ledoit and Wolf  showed that, when 

p/n tends to a positive constant, mU − p is asymptotically normal with mean 1 and variance 

4 under H₀. We reject if (mU − p − 1)/2 is above the 95th percentile of the standard normal 

distribution. This test combines all eigenvalues and thus is sensitive to non-spherical 

deviations that are diffuse. 

The largest eigenvalue Tracy–Widom test. Following Johnstone  let μ = (√(m − ½) + 

√(p − ½))² and s = (√(m − ½) + √(p − ½)) (1/√(m − ½) + 1/√(p − ½))^(1/3). If the data are 

Gaussian and H₀ is true, then (m λ₁/σ̂² − μ)/s tends to the Tracy–Widom distribution of 

order one. If this amount is greater than 0.9793, the 95th percentile of that distribution, then 

we reject. This test focuses its strength on a few powerful peaks, which is just the other 

side of the coin of the Baik–Ben Arous–Péché analysis. 

In 2.4 Component 2, students will learn to estimate the rank of a component with a 

Tracy–Widom margin. 

We estimate the number of latent factors k by counting the number of sample 

eigenvalues above the threshold. 

τ = b + 2 · n^(−2/3) · (1 + √c)^(4/3) · c^(−1/6), 
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If the bulk value of σ² is known or estimated, then the following applies: The first 

term is the Marchenko–Pastur upper edge. The second term is a margin of two units of the 

Tracy–Widom scale, of order n^(−2/3), and of the scale of the edge fluctuation scale of 

Johnstone and El Karoui. The margin prevents the false inclusion of bulk eigenvalues with 

non-negligible probability whenever p is large, and the bulk has many eigenvalues close 

to the edge. 

2.4 Component 3: covariance estimation 

We consider three estimators of Σ. 

Sample covariance S, used as the baseline. 

Ledoit–Wolf linear shrinkage. The estimator is Σ ̂_LW = (β̂²/δ ̂²) μ ̂ I + (α ̂²/δ̂²) S, where 

μ ̂ = tr(S)/p, δ̂² = ‖S − μ̂I‖²_F / p, β̂² = min(δ̂², (1/n²) Σ_i ‖x_i x_i′ − S‖²_F / p) and α̂² = δ̂² − β̂² 

(Ledoit and Wolf, 2004). It tries to scale S toward a scaled identity, according to a data-

driven amount. 

RMT eigenvalue cleaning. All the eigenvalues of S that are less than or equal to the 

estimated edge μ ̂(1 + √(p/n))² are considered noise and replaced with the average value of 

the eigenvalues. Eigenvalues outside the edge are retained, and the entire spectrum is 

rescaled to maintain the trace. The eigenvectors of S are preserved. This is a simple clipping 

rule, rather than an optimal nonlinear shrinker, in the spirit of Bun, Bouchaud and Potters. 

2.5 Simulation design and performance measures 

All experiments are conducted on Gaussian data and with NumPy's default random 

generator with seed 2026. 

• Experiment A (size and power). n = 200, p ∈ {20, 100, 180}. The alternative is to add a 

rank-one component with variance ℓ ∈ {0.5, 1.0, 1.5} along the unit vector (1, …, 1)/√p, 

with ℓ = 0 corresponding to the null. The Monte Carlo standard error of a rejection 

rate close to 0.5 is approximately 0.022, and close to 0.05 is approximately 0.010, for 

each cell. 

• Experiment B (covariance estimation). n = 100, p ∈ {50, 100, 200, 400}. The population 

covariance is a random orthonormal basis with five spikes at 10, 8, 6, 4, 3, and all other 

eigenvalues are equal to 1. The loss is the average over 100 replications of ‖Σ ̂ − Σ‖²_F. 

• Experiment C (rank estimation, scientific application). p = 200, n = 400 (c = 0.5), k = 3 

equal spikes of strength ℓ ∈ {0.5, 1.0, 2.0, 4.0}, with noise variance one, 300 replications. 

The proportion of replications for which the estimated rank is three, and the mean 

estimated rank is reported. 

3. Results 

3.1   Size and power of sphericity tests 

Table 1. Empirical rejection rate at nominal 5% level (n = 200, 500 replications per cell). 

Spike strength 0 is the null, so the entries in that row are empirical sizes. 

p (c = p/n) Spike ℓ Critical √c LRT John Tracy–Widom 

20 (0.10) 0 0.32 0.114 0.054 0.020 

20 (0.10) 0.5 0.32 0.310 0.306 0.404 

20 (0.10) 1.0 0.32 0.852 0.908 0.974 

20 (0.10) 1.5 0.32 0.994 0.998 1.000 

100 (0.50) 0 0.71 1.000 0.054 0.024 

100 (0.50) 0.5 0.71 1.000 0.108 0.078 

100 (0.50) 1.0 0.71 1.000 0.316 0.494 

100 (0.50) 1.5 0.71 1.000 0.642 0.938 

180 (0.90) 0 0.95 1.000 0.046 0.044 

180 (0.90) 0.5 0.95 1.000 0.072 0.052 

180 (0.90) 1.0 0.95 1.000 0.126 0.210 

180 (0.90) 1.5 0.95 1.000 0.368 0.722 
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The classical LRT is already miscalibrated at p = 20 (size 0.114), and is down at power 

at p = 100 and p = 180, so it has very low power at these sizes. The empirical size of John's 

test is between 0.046 and 0.054 for all 3 configurations [11]. The finite-sample 

approximation to the Tracy–Widom limit is not exact at these sizes, so the Tracy–Widom 

test is conservative under the null (0.020 to 0.044). It remains the most powerful valid test; 

however, despite this conservatism, at p = 100 and ℓ = 1.5 its power is 0.938 compared to 

0.642 for John's test, and at p = 180 it is 0.722 vs 0.368. As is the case in the Baik–Ben Arous–

Péché transition, when the spike strength is below the critical value (ℓ = 0.5 at p = 100 and 

p = 180), none of the tests have significant power [12]. 

3.2 Covariance estimation 

Table 2. Mean normalised Frobenius loss ‖Σ ̂ − Σ‖²_F / p (n = 100, 100 replications; lower 

is better). 

p c = p/n Sample covariance Ledoit–Wolf RMT cleaning 

50 0.5 1.234 0.892 0.952 

100 1.0 1.655 0.820 0.793 

200 2.0 2.606 0.632 0.748 

400 4.0 4.601 0.389 0.753 

As p/n increases, the loss of the sample covariance will gradually increase from 1.234 

to 4.601. Linear shrinkage reduces it by 28% at p = 50 and by 92% at p = 400. For p = 100, 

RMT cleaning is competitive with linear shrinkage (0.793 compared to 0.820, which is 

within plausible Monte Carlo variation for 100 replications), but begins to fall behind for 

larger p/n, where its loss remains around 0.75 while that of linear shrinkage continues to 

drop [13]. 

 

 

Figure 1. Covariance estimation (n = 100, 100 replications per p). 

3.3 Rank estimation 

Table 3. Recovery of k = 3 factors with the edge-plus-margin rule (p = 200, n = 400, c = 0.5, 

300 replications). The critical strength is √0.5 ≈ 0.71, and the decision threshold is τ ≈ 

2.998. 

Spike 

strength ℓ 

Predicted sample 

eigenvalue 

Exact recovery of 

k = 3 

Mean estimated 

rank 

0.5 
not applicable (below 

threshold) 
0.000 0.09 

1.0 3.00 0.020 1.35 

2.0 3.75 0.990 3.00 

4.0 6.25 0.997 3.00 
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To demonstrate the flow in a realistic scientific context, Experiment C can be viewed 

as the study of gene expression, where p = 200 genes are measured in n = 400 samples, and 

three co-regulated gene programs (such as an immune-response program, a cell-cycle 

program and a metabolic program) contribute common variance to the otherwise 

independent gene-level noise [14]. 

 

Figure 2. Rank estimation with the edge-plus-margin rule (p = 200, n = 400, c = 0.5, true k 

= 3, 300 replications per ℓ). 

4. Discussion 

4.1   The failure of the classical test and the change of the RMT-based tests 

The most eye-catching observation in Table 1 is that of the classical likelihood-ratio 

test. It is a linear spectral statistic, with its statistic being the sum of the log eigenvalues of 

S. For non-negligible p/n, there is a systematic bias of this statistic that the chi-squared 

reference distribution does not represent, since the sample eigenvalues are distributed 

over the Marchenko–Pastur interval, and the smallest ones are pushed close to zero, 

increasing the log-determinant penalty [15]. At p/n = 0.5 and 0.9, the error is so great that 

all of the true null hypotheses in our experiment are rejected, and the inflated size of 0.114 

at p/n = 0.1 indicates that the problem is already existing at reasonably high ratios. 

Rejection rate of 1.000 under the null is not high power; it is a complete loss of control of 

the type 1 error rate [16]. The test of John is free of this difficulty since the central 

distribution and variance of his test, 1 and 4, are related to the central limit theorem of Bai–

Silverstein for the regime p/n → c, and the test of Tracy–Widom is free of this difficulty 

because it only considers the spectral edge, where the limiting distribution is known 

exactly. In our study, the empirical values of the test statistic (0.046 to 0.054) provide the 

cleanest confirmation that the asymptotic theory is correct at n = 200. 

4.2 Complementary power profiles 

The two valid tests are different in their strengths, and the difference comes from 

the different statistics measured. John's statistic is the average of the squares of the 

deviations of all the eigenvalues from their mean and thus is very sensitive to "fuzzy" 

deviations from sphericity, such as an inflation of many eigenvalues [17]. The Tracy–

Widom statistic is only sensitive to the largest eigenvalue and so is more sensitive to one 

or a few strong directions. The advantage of the Tracy–Widom test is clear, as power is 

0.938 against 0.642 at p = 100 and ℓ = 1.5. We hope to see this reverse for diffuse alternatives, 

but we haven't tested diffuse alternatives, so this is a hypothesis to be investigated [18]. At 

small p, the Tracy–Widom test is a bit conservative under the null (size 0.020 to 0.044), at 

the expense of its power. Better centring and scaling is known to improve the accuracy of 

the finite samples of the Tracy–Widom approximations, and a refined calibration is a 

natural way to regain this power. 

Below the critical strength, no test has appreciable power. At p = 100 with ℓ = 0.5, 

below √c ≈ 0.71, John’s and the Tracy–Widom tests reject 10.8% and 7.8% of the time, barely 
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above the nominal 5% [19]. This is consistent with the picture of the phase transition of 

Baik, Ben Arous and Péché  and the analysis of Onatski, Moreira and Hallin of the 

asymptotic power of sphericity tests in this regime, which showed that tests based on the 

largest eigenvalues lose power close to the threshold. The practitioner's message is that, if 

they did not reject, then there is no rejection in a high-dimensional setting. It could be that 

the structure is just too weak, relative to p/n, to show up in the spectrum at all [20]. 

4.3.1 Rank estimation; 4.3.2 Finite-sample boundary 

The strength and the limit of the edge-plus-margin rule are presented in Table 3. 

Exact recovery is more than 99% for strong factors (ℓ ≥ 2). With ℓ = 1.0, the factor is above 

the asymptotic detectability limit of 0.71, but only about 45% of factors are detected. Here's 

why: take a look at the numbers. The prediction of the location of the spike eigenvalue is 

3.00, but the decision threshold is 2.998, which means that the spike eigenvalue is larger or 

smaller than the threshold with nearly equal probability [21]. The eigenvalue of the spike 

fluctuates on a Gaussian scale of order n^(−1/2), which is here about 0.1, larger than the 

margin of about 0.084 that we add to the edge. Asymptotic detectability is thus required, 

but not sufficient, for reliable detection at finite n. A smaller margin would be more likely 

to include more of the weak factors, at the expense of including more noise eigenvalues, 

and the size of the margin is a conscious balancing act between false inclusion and missed 

factors [22]. For cases where the number of factors is important, a sequential testing 

procedure like that of Onatski can be used, which tests sequentially each candidate rank 

against a Tracy–Widom-type reference sequentially and has explicit error control. 

4.4 Covariance estimation: which method, when 

Table 2 allows us two conclusions. Firstly, the sample covariance is a poor estimator 

when p/n is not small, and the error increases linearly in our design. Second, linear 

shrinkage is a solid default: It is an improvement in all settings and is an improvement by 

more, as p/n increases [23]. Some of the success of this experiment can be attributed to the 

structure of the experiment. The normalised distance between Σ and the identity is equal 

to the sum of squared spike excesses divided by p, (81 + 49 + 25 + 9 + 4)/p = 168/p = 0.42 at 

p = 400. Hence, the linear shrinkage at p = 400, at 0.389, is slightly better than an estimator 

that always returned the identity, which would have had a loss of 0.42. The comparison is 

informative: if the true covariance is close to a scaled identity (except for a few spikes), 

then the shrinking towards the identity is almost optimal in terms of the normalised 

Frobenius loss, and the loss measure itself also prefers the shrinking if p is large [24]. 

The simple clipping rule is competitive at p = 100, and levels off around 0.75 at 

higher p/n. A plausible explanation which we did not test is that the rule does not correct 

the upward bias in the sample spike eigenvalues, (1 + ℓ)(1 + c/ℓ) > (1 + ℓ), and that the 

sample eigenvectors have limited overlap with the true eigenvectors, so that the error from 

the five spikes dominates after the noise part is dealt with. The optimal shrinkers of 

Donoho, Gavish and Johnstone and the nonlinear shrinkage of Ledoit and Wolf  address 

exactly these effects, and we believe they will be superior to both of the estimators 

considered here. The present comparison should thus be interpreted as a baseline, and not 

as a claim of what the best possible RMT-based estimator can achieve [25]. 

4.5 Practical recommendations 

The evidence justifies the following guidance, provided that it has been obtained 

under Gaussian data, and the designs outlined in Section 2.6. 

The classical chi-squared likelihood-ratio test of sphericity should not be used if p/n 

is greater than approximately 0.1. It is already over inflated in our experiment at p/n = 0.1. 

• Use John’s test as a default omnibus test of sphericity. It is simple and size-

controlling in all configurations. 

If the alternative of interest is a small number of strong factors, then add the Tracy–

Widom test. It was the most powerful of valid tests for such alternatives. 
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• Estimate the number of factors with an edge rule that has a fluctuation margin, 

and report factors near the threshold as uncertain rather than having to make a yes/no 

decision. 

Use linear shrinkage as default covariance estimator if p/n is large, and optimal 

nonlinear shrinkage if the eigen-directions are of interest. 

The limitations and directions for future work are discussed in section 4.6. 

The findings are subject to a number of limitations that restrict the extent to which 

they can be generalized. First, all data are Gaussian. Heavy tails, outliers, batch effects, and 

dependence between samples are common features of real data, and while the Tracy–

Widom and Marchenko–Pastur results can be extended to many non-Gaussian settings 

under moment conditions, the finite-sample behaviour under departures from Gaussianity 

was not explored. Second, the direction of the spike is the delocalised vector (1, …, 1)/√p; 

this is different for sparse or localised factors, which often occur in genomics, where a 

programme may involve only a few dozen genes and may require sparsity-aware methods 

[26]. Third, the rank-estimation experiment assumes known noise variance. In practice, the 

estimation of σ² is obtained from the bulk, and this introduces an additional source of error. 

Fourth, the experiments have a fixed seed and relatively small number of replications, and 

differences of a few hundredths in rejection rates or of a few percent in loss are within 

Monte Carlo noise [27]. Fifth and most important for applied readers, we did not analyse 

real data. The expression-style application is synthetic – it illustrates the workflow, not a 

biological discovery [28]. 

The limitations indicate a definite agenda. Refined finite-sample calibration of the 

Tracy–Widom test, estimation of optimal and nonlinear shrinkers in the same framework, 

robust versions of the workflow for heavy-tailed and dependent data, estimation of noise 

variance with proper uncertainty propagation, and validation on public benchmark 

datasets with independently established ground truth, such as spike-in expression 

experiments, are priorities. It is only after such validation that SCI can be recommended 

for routine scientific use [29]. 

5. Conclusion  

First, the classical likelihood-ratio test is not robust to p/n > 0, even at p/n = 0.1, and 

does not even control its size at p/n > 0.5, while John's test and the Tracy–Widom test are 

robust, the latter being the most powerful against strong low-rank structure. Second, the 

Baik–Ben Arous–Péché threshold is not just a theoretical one: factors much larger than the 

threshold are recovered nearly perfectly, factors much smaller than the threshold are 

invisible, and factors that are close to the threshold are recovered only some of the time, 

so that honest reporting of uncertainty near the threshold is needed. Third, the error in the 

covariance estimation is significantly decreased by shrinkage, by as much as 28% to 92% 

in our designs, and the selection between linear shrinkage and more sophisticated spectral 

shrinkage methods depends on the importance of the leading eigen-directions. 
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